




Applied Mathematics Letters 16 (2003) 1047-1051 
www.elsevier.com/locate/aml 
Periodic Solutions of a Delayed / 
Periodic Logistic Equation 
YUMING CHEN 
Department of Mathematics, Wilfrid Laurier University 
Waterloo, Ontario, N2L 3C5 Canada 
(Received June 2002; revised and accepted November 200.2) 
Abstract--Consider the delayed periodic logistic equation, 
i+(t) = N(t) [a(t) - b(t)P(t - c(t)) - c(t)iVq(t - 7(t))], 
which describes the evolution of a single species. The existence of a positive periodic solution is 
established by using the method of coincidence degree. @  2003 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
A hallmark of observed population densities in the field is their oscillatory behavior. There are 
three typical approaches for modeling such behavior (see, for example, [l]). One of them is to 
take into account the time delay in the population dynamics. 
Recently, Yan and Feng [2] studied the global attractivity and oscillation of the nonlinear delay 
equation, 
z’(t) = z(t) [a(t) + b(t)ZP(t - md) - c(t)c??(t - mw)] ) (1) 
where a&c E C( [0, oo), W) with a common period w > 0 and a > 0, c > 0, m  is a positive integer, 
p and Q are positive constants with q > p. Equation (1) can be used to describe the evolution of 
a single species (see [3,4] and the references therein). 
Because of the special delay, which is a multiple of the period, the periodic solution of the case 
without delay will remain for the delayed case. This is the approach to prove the existence of 
periodic solution of (1) used by Yan and Feng. As pointed by Li and Kuang [l], more realistic 
and interesting models of single or multiple species growth should take into account both the 
seasonality of the changing environment and the effects of t ime delays, and hence, any biological 
or environmental parameter is subject to fluctuation in time. Therefore, it is unrealistic to sssume 
that the delay is a constant, let alone a multiple of the period. 
As we know, the variation of the environment plays an important role in many biological and 
ecological dynamical systems. In particular, the effects of a periodically varying environment are 
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important for evolutionary theory as the selective forces on systems in a fluctuating environment 
differ from those in a stable environment. So we assume that the biological and environmental 
parameters are periodic with a common period. The assumption of periodicity of the parameters 
in the system (in a way) incorporates the periodicity of the environment (e.g., seasonal effects 
of weather, food supplies, mating habits, etc.). For a discussion of the relevance of periodic 
environments to evolutionary theory, we refer to [5]. 
Furthermore, since the environment fluctuates randomly, the growth function a may not be 
positive. In fact, in some situations, it could be negative. In this paper, we shall consider the 
following delayed periodic logistic equation: 
H(t) = N(t) [a(t) - b(t)Nyt - o(t)) - c(t)N4(t -T(t))] ) (2) 
where a E C(lR,lR) and &c,~,T E C(lR, [O,oo)) are w-periodic functions with so” u(t) dt > 0 and 
Jr@(t) + c(t)) dt > 0, p 2 Q are positive constants. 
It is easy to see that (2) has a unique solution for each 4 E C([--7,,O],R), where T = 
m=+[0,wl{dt)7 T(t)). fi om the point of view of mathematical biology, we only consider the 
initial conditions 4 > 0 and 4(O) > 0. For such a 4, the unique solution of equation (2) is 
positive for t > 0. 
As indicated in [6,7], it would be of great interest to know the existence of periodic solutions 
for systems with periodic delays. The periodic solutions play the same role as the equilibrium of 
autonomous systems. In fact, the global existence of a positive periodic solution is a very basic 
and important ecological problem associated with the study of population growth in periodic 
environment. In this paper, we shall use the powerful and effective method of coincidence degree 
to investigate the existence of positive periodic solutions of (2). 
2. EXISTENCE OF POSITIVE PERIODIC SOLUTIONS 
To obtain the existence of positive periodic solutions of (2), we shall use some concepts and 
results from the book by Gaines and Mawhin [8]. 
Let X and Z be normed vector spaces. Let L : Dom L c X + 2 be a linear mapping and 
N : X -+ Z be a continuous mapping. The mapping L is called a Fredholm mapping of index 
zero if dim Ker L = codim Im L < 03 and Im L is closed in 2. If L is a Fredholm mapping of index 
zero, there exist continuous projectors P : X -+ X and & : Z --+ 2 such that Im P = Ker L and 
Im L = Ker Q = Im(1 - Q). It follows that L 1 Dom L fYKer P : (I - P)X -+ Im L is invertible. 
We denote the inverse of the map by Kp. If s1 is a bounded open subset of X, the mapping N 
is called L-compact on fi if QN(n) is bounded and Kp(I ‘- Q) N : 0 -+ X is compact. Because 
Im Q is isomorphic to Ker L, there exists an isomorphism J : Im Q -+ Ker L. 
In the proof of our main result, we need the following continuation theorem. 
THEOREM 1. CONTINUATION THEOREM [8, P. 401. Let L be a Fredholmmappingofindexzero 
and let N be L-compact on 0. Suppose 
(a) for each X E (0, l), every solution x of Lx = XNx is such that x 6 an; 
ib) QNx # 0 for each x E aR n Ker L and 
deg {JQN, R n Ker L, 0) # 0. 
Then the equation Lx = Nx has at least one solution lying in Dom L n a. 
Let 52 c Iw” be open and bounded, f E C1(R,R”) n C(fi,lP) and y E Iw” \ f(dR U Sf); i.e., 
y is a regular value of f. Then the degree deg {f, 0, y} is defined by 
deg {f, 0, Y) = c en Jfb) 
IEf--‘(Y) 
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with the agreement x0 = 0, where Sf = {z E R : Jr(z) = 0}, the critical point set of f, and 
Jr(z) is the Jacobian of f at z. This will be the case we will have in the sequel. In fact, we will 
only encounter a differentiable function from a one-dimensional Banach space (which is identified 
with its equivalent Banach space W) to itself and the regular value 0 of the function. For more 
about degree theory, we refer to the book of Deimling [9]. 
For the sake of convenience, we introduce the following notations: 
a(t) dt, A=1 J w w 0 1441 dt, 
b(t) dt, 1 w E=- 
J w 0 
c(t) dt. 
The following is our main result of the paper. 
THEOREM 2. Suppose that si > 0 and 5 + Z > 0. Then, equation (2) has at least one positive 
periodic solution. 
PROOF. Make the change, 
Then (2) can be rewritten as 
N(t) = expz(t). 
k(t) = u(t) - b(t) exp(pz(t - a(t))) - c(t) exp(qz(t - T(t))). (3) 
Take X = 2 = {z E C(W,W) : x(t + w) = x(t)}. For z E X or 2, define ]]z]] = ma+eic+,l )z(t)l. 
Equipped with the norm ]] . ]I, both X and 2 are Banach spaces. For any z E X, because of the 
periodicity, it is easy to check that u(t) - b(t) exp(pz(t - a(t))) - c(t) exp(qz(t - r(t))) E 2. Let 
L : DomL = {z E X : z E C’(W,W)} 3 z H 5 E 2, 
1 Cd 
P:X3xl-+- 
s w 0 
x(t) dt E X, 
Q:Z~ZH~ oWz(t)dtEZ, 
J 
N : X 3 x H a(t) - b(t) exp(pz(t - a(t))) - c(t) exp(qs(t - T(t))) E 2, 
where for any k E W, we identify it as the constant function in X or Z with the value k. Then, 
equation (3) can be reduced to the operator equation Lx = Nx. It is easy to see that 
KerL=R, 
, is closed in Z, 
and P, Q are continuous projectors such that 
ImP=KerL, Ker Q = Im L = Im(l - Q). 
It follows that L is a Fredholm mapping of index zero. Furthermore, the generalized inverse 
(to L) Kp : Im L -+ Ker P n Dom L is given by 
z(s) ds dt. 
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Thus, 
QNx = A 1” A(x, t) dt, 
J 
t 
A(x,s)ds - 1 W 
JJ 
t 
Kp(I - Q)Nx = 
0 wo 0 
A(x,s)dsdt - (; -a> lA(x,s)ds, 
where A(x, t) = a(t) - b(t) exp(px(t - o(t))) - c(t) exp(qx(t - r(t))) for x E X. Clearly, QN and 
Kp (I- Q)N are continuous. For any bounded open subset R c X, QN(n) is obviously bounded. 
Moreover, applying the ArzelaAscoli theorem, one can easily show that Kp(l - Q)N(Ci) is com- 
pact. Therefore, N is L-compact on a with any bounded open subset fl c X. The isomorphism 3 
of Im Q onto Ker L can be the identity mapping since Im Q = Ker L. 
Now, we reach the point to search for an appropriate open bounded set R for the application 
of the continuation theorem. Corresponding to the operator equation Lx = XNx, A E (0, l), we 
have 
k(t) = X[a(t) - b(t) exp(px(t - a(t))) - c(t) exp(qx(t - T(t)))]. (4) 
Assume that x = x(t) E X is a solution of (4) for some A E (0,l). Integrating (4) over the 
interval [0, w], we obtain 
J 




gY[b(t) exp(px(t - a(t))) + c(t) exp(qx(t - T(t)))] dt. 
It follows from (4) and (5) that 
(5) 
J “(k(t)(dt=X w la(t) - b(t) exp(px(t - 4))) - 4) ew(qx(t - T@)))ldt 0 J o < Jd” la(t)/ dt + l”[b(t) ewh-4 - o(t))) + c(t) exp(qx@ - ~(G))l dt 
= (A + 2) w; 
i.e., 
J ow Ik(t)l dt < (z + A) w. 
Since x(t) E X, there exist [, 71 E [O,w] such that 
(6) 
and x(v) = t~o~,xw ,w 
From (5) and (7), we get 
G 2 b+(f)) + Eexp(qx(t)) 
> (6 + E) ew(r4), if x(E) 2 0, 
- { (6 + c) ew(qx(f)), if x(E) < 0, 
and 
(7) 
a 5 ~exp(r47)) + Eexp(qx(v)) 
’ 1 
(6 + c) exp(qx(rl)), if x(77) 2 0, 
(6 + E) exp(px(r])), if x(q) < 0. 
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Therefore, there exist constants Ml and Mz, which only depend on 8, 6, and E such that 
4) I MI and x(71) 1 M2. (8) 
From (4), (6), and (8), we have 
and 
x(t) I x(E) + 
s 
oy I?(t)1 dt < MI + (a + A) w. 
It is clear that there exists an H > 0, which is independent of A, such that 
if z is a solutjon to (4) for some X E (0,l). 
Under the assumptions, the equation 
ii - Bexp(pz) - Eexp(qz) = 0 
has a unique solution z* (see [2, Lemma 1.11). Denote M = H + lz*l and take R = {z E X : 
11~11 < M}. It is clear that fl satisfies Condition (a) in Theorem 1. When 2 E dRnKerL = LXB-B, 
2 = fM. Then 
QNz = 5 - 6exp(fpM) - Eexp(*qM) # 0. 
Furthermore, it is easy to see that 
deg{JQN, R n Ker L, 0) = sgn (-p6exp (pz*) - qEexp (qz*)) # 0. 
By now, we have shown that R satisfies all the assumptions of Theorem 1. Hence, Lx = Nx has 
at least one solution Z E Dom L n 0. Set &T(t) = exp(Z(t)). Then 15 is a positive w-periodic 
solution of (2). This completes the proof. I 
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